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We apply the eigenvectors from a variational analysis to successfully extract the wave function
of the Roper state, and the next P11 state of the nucleon, associated with the N?(1710). We find
that both states exhibit a structure consistent with a constituent quark model. The Roper d-quark
wave function contains a single node consistent with a 2S state, and the N?(1710) contains two,
consistent with a 3S state. A detailed investigation of the mass dependence of the wave functions
of these states is carried out at four quark masses. The lightest mass provides a pion mass of 156
MeV, just slightly above the physical mass of 139.6 MeV. The ground state wave function shows
little mass dependence, consistent with prior wave function investigations. The wave functions of
the Roper and second excited state show finite volume effects which become prominent at heavier
quark masses than for the ground state.
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Understanding the mass dependence of states in lattice QCD has been a necessary part of
calculations since the inception of lattice gauge theory. Though modern simulations are capable
of accessing the physical quark mass regime, it is still important that the mass dependence be
understood, especially as excited state studies progress.
Visualizations of the probability distribution on the lattice have been used to observe interest-
ing physical effects such as Lorentz contraction [1, 2], quarks aligning with a magnetic field and
diquark clustering [3]. Furthermore, the probability distribution can be used as a diagnostic tool,
allowing finite volume effects and other lattice artifacts to be easily visualized and understood as
the quark mass changes.
Robust methods have been developed that allow the isolation and study of states associated
with these resonances in Lattice QCD [4, 5, 6, 7, 8, 9, 10, 11]. In this study, we apply the variational
method [12, 13, 14] to extract the ground state and first two P11 excited states of the proton, the
Roper [15] and the N?(1710). We will then combine this with lattice wave function techniques to
calculate the probability distributions of these states at a variety of quark masses.
The wave function of a hadron is proportional to the two point Green’s function,
Gi j(~p, t) =∑
x
e−i~p·~x〈Ω|T{χi(~x) χ¯ j(0)}|Ω〉, (1)
where χi are the standard proton interpolating fields. In order to construct the wave function, the
quark fields in the annihilation operator are each given a spatial dependence,
χ1(~x,~y,~z,~w) = εabc(uTa (~x+~y)Cγ5db(~x+~z))uc(~x+~w), (2)
while the creation operator remains local. This generalizes G(~p, t) to a wave function proportional
to G(~p, t;~y,~z,~w). In principle, we could allow each of these coordinates, ~y, ~z, ~w, to vary across
the entire lattice, however, we can reduce the complexity by taking advantage of the hyper-cubic
rotational and translational symmetries of the lattice. A description of the probability distribution
of a particular quark within the proton can be formed by holding two of the quarks at fixed spatial
points and calculating the third quark’s wave function for every lattice site. For this study, we will
focus on the probability distribution of the d quark from Eq. (2) with the u-quarks fixed at the
origin. The resulting construct is gauge dependent so we choose to fix the gauge configurations to
Landau gauge.
Different interpolators exhibit different couplings to the proton ground and excited states and
hence can be used to construct a variational basis. The limited number of local interpolators restricts
the size of the operator basis [4]. To remedy this, one can exploit the smearing dependence of the
coupling of states to one or more standard interpolating operators in order to construct a larger
variational basis where the χi and χ¯ j from Eq. (1) contain a smearing dependence. This method
has been shown to allow access to states associated with resonances such as the Roper, N?(1710)
[11] and the Λ(1405) [16].
The non-local sink operator used to construct the wave function cannot be used to isolate
the state of interest, and hence the standard technique cannot be applied. However it is sufficient
to isolate the state at the source using the right eigenvector. Thus, the probability distributions
are calculated with each smeared source operator and the right eigenvectors calculated from the
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We find that the right eigenvector alone can successfully isolate the excited states close to the
source and indicates that our wave functions should be calculated within 3 time slices after the
source.
In summary, the wave function for state α is
ψα(~p, t;~y,~z,~w) =∑
x
e−i~p·~x〈Ω|T{χ1(~x,~y,~z,~w) χ¯ j(0)}|Ω〉uαj . (3)
By averaging over the equally weighted {U} and {U∗} link configurations, the two-point function
is perfectly real and the probability density is proportional to the square of the wave function. In
the following we focus on ~p= 0 and select t = 2 for the wave functions.
We use 2 + 1 flavour 323× 64 configurations provided by the PACS-CS collaboration [19]
constructed with the Iwasaki gauge action [17] and the O(a)-improved Wilson action [18] with
β = 1.90, giving a lattice spacing of 0.0907(13) fm,. The hopping parameters are 0.13727, 0.13754,
0.13770 and 0.13781 giving pion masses of 572, 413, 293 and 156 MeV respectively.
To accurately access the first three states, a 4× 4 variational basis is constructed using the
χ1 operator with four smearing levels; 16, 35, 100 and 200 sweeps of Gaussian smearing [20],
corresponding to smearing radii of 2.37, 3.50, 5.92 and 8.55 lattice units respectively. We fix to






(Uµ(x)− 112u0 (Uµ(x)U(x+ µˆ)+h.c.
)
(4)
using a Fourier accelerated algorithm [22].
The wave functions observed for all our states show an approximate symmetry over the eight
octants surrounding the origin. To improve our statistics we average over these eight octants before
presenting the results.
In Fig. 1, an isovolume of the projected ground state wave function at all four quark masses
cut in the plane of the u quarks is presented. At all masses, the well-known spherical shape of the
ground state is reproduced. Very little mass dependence is seen, consistent with early, quenched
wave function studies [23]. Finite volume effects do not appear to be significant in the wave
functions of the ground state at any of the hopping parameters used. This is in spite of the fact that
the lightest ensemble has mpiL= 2.23.
For the Roper wave function in Fig. 2 a 2S-like nodal structure is seen at all masses, indicating
that the wave function is a radial excitation of the d quark. This observation is also consistent with
the predictions of constituent quark models. Even at mpi = 572MeV, subtle finite volume effects
can be seen in the outer shell, with the sides compressed slightly into a non-spherical shape by the
boundary. When the quark mass decreases to give mpi = 413MeV, the radius of the node increases
and the finite volume effects become more apparent. In constituent quark models, as the quark
mass is reduced, the lighter quarks sit higher in the potential and the range of the spin dependent
part is increased. This leads to constituent quarks that sit higher in the potential, and thus have
the tail enhanced, leading to an increase in the distance from the centre of mass to the node. This
enhancement of the tail, and thus increased finite volume effects are apparent our results.
At mpi = 293MeV, finite volume effects have become quite severe. This is most likely asso-
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Figure 1: The probability distribution of the ground state d quark about the two u quarks fixed at the centre at
each of the four quark masses. Images are ordered from heaviest to lightest quark masses with κ = 0.13727
(top left), κ = 0.13754 (top right), κ = 0.13770 (bottom left) and κ = 0.13781 (bottom right). Very little
mass dependence is apparent in the ground state, even at a near-physical quark mass.
with mpiL= 4.4, the lattice is too small to fully accommodate the first excited state. At the lightest
quark mass, the radius of the node has again increased, and the finite volume effects are even more
apparent, with the outer shell being pushed towards a rectangular shape by the boundary.
For the wave function of the second excited state in Fig. 3, a 3S-like nodal structure is ob-
served at all masses. The node is thin at the heavier masses and difficult to see in the rendering. For
mpi = 572MeV, finite volume effects are minimal, and both nodes are spherical in shape and are un-
affected by the boundary. Moving to the next lightest quark mass, the nodes move further from the
centre of mass, consistent with both quark model predictions and the behaviour of the probability
distribution of the Roper. At mpi = 293MeV, the nodes have again moved further from the centre of
the wave function, however, the outer node has taken on a slightly squared-off shape, having been
distorted by the boundary of the lattice. Again, this is an indication that, even though the ground
state wave function presents as spherical for this quark mass, this excited state is showing clear
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Figure 2: The probability distribution of the d quark in first excited state of the nucleon about the two u
quarks fixed at the centre at each of the four quark masses. Images are ordered from heaviest to lightest quark
masses with κ = 0.13727 (top left), κ = 0.13754 (top right), κ = 0.13770 (bottom left) and κ = 0.13781
(bottom right). The node in the wave function moves outward as the quark mass decreases, and finite volume
effects are seen to increase. The tail of the wave function is enhanced at lower quark masses, likely due to
the increased response of the pion cloud.
the decay thresholds show an important relationship with the finite volume of the lattice. The wave
function at the near physical quark mass shows even more dramatic finite volume effects, with the
outer node resembling a rounded-square shape.
In this study of the mass dependence of the quark probability distribution within excited states
of the nucleon, we have shown that both the Roper and the second excited state display the node
structure associated with radial excitations of the quarks.
This structure behaves in a manner predicted by early constituent quark models, in that as the
quark mass increases, the d quark sits lower in the potential and the nodes are drawn closer to the
centre of mass of the probability distribution.
We have also demonstrated that lattices sufficiently large to accomodate the ground state dis-
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Figure 3: The probability distribution of the d quark in the second even parity excited state of the nucleon
about the two u quarks fixed at the centre at each of the four quark masses. Images are ordered from heaviest
to lightest quark masses with κ = 0.13727 (top left), κ = 0.13754 (top right), κ = 0.13770 (bottom left)
and κ = 0.13781 (bottom right).. Two nodes are evident, consistent with a 3S radial excitation. Important
finite volume effects have caused the outermost shell of the wave function to approach shape at lower quark
masses.
by the distortion of the probability distributions due to the boundary of the lattice at lighter quark
masses. These robust effects are likely associated with the multiparticle components of the excited
states.
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